
Interaction and force 
measurements
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Direct force measurements

182
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Surface forces apparatus (SFA)

184

Tabor and Winterton (1969)
Israelachvili and Tabor (1972, 1973) 
Israelachvili and Adams, 1978
Israelachvili, 1987b 

Two crossed-cylinders
Mica surfaces in air, vacuum, or liquid
Multiple Beam Interferometry (MBI) using “fringes of equal chromatic order” (FECO) 
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SFA measurement

185
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Atomic force microscopy (AFM)

186

Related to profilimetry
Scanning mode or tapping mode



Eric M. Furst—Chemical & Biomolecular Engineering, University of Delaware—furst@udel.edu

AFM scans of surface topology

187

M. A. Bevan, D. C. Prieve, Direct Measurement of 
retarded van der Waals Attraction. Langmuir. 15, 
7925–7936 (1999).
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Colloidal probe AFM

188

W. A. Ducker, T. J. Senden, R. M. Pashley, Nature. 353, 239–241 (1991).
M. Kappl, H.-J. Butt, Part. Part. Syst. Charact. 19, 129–143 (2002).



Eric M. Furst—Chemical & Biomolecular Engineering, University of Delaware—furst@udel.edu

Total internal reflection microscopy 
(TIRM)

189

Prieve, 1999
Prieve and Frej, 1990
Prieve et al., 1990 
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TIRM measurement

190

M. A. Bevan, D. C. Prieve, Direct Measurement of 
retarded van der Waals Attraction. Langmuir. 15, 
7925–7936 (1999).
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Interaction measurements

191

Biggs, S.; Dagastine, R. R.; Prieve, D. C. J. 
Phys. Chem. B 2002, 106, 11557–11564.

TIRM, polyelectrolytes

TIRM, surfactant micelles
Sober, D. L.; Walz, J. Y. Langmuir 
1995, 11, 2352–2356.

Helden, L.; Roth, R.; Koenderink, 
G. H.; Leiderer, P.; Bechinger, C. 
Phys. Rev. Lett. 2003, 90, 48301.

TIRM, rigid rods
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Optical tweezers

Back focal plane 
detection
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Laser tweezer 
apparatus
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A single bond rupture

Static 
trap

Moving 
trap

Repulsive Attractive
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“Line tweezer” interaction measurements

194

Lin, K.; Crocker, J. C.; Zeri, A. C.; Yodh, A. G. Phys. Rev. Lett. 2001, 87, 88301.

Depletion attraction between flexible rods
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Direct force measurements and interpretation

195

Measurements use curved interfaces
(sphere-flat, two spheres, crossed cylinders)

Derjaugin approximation
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Direct force measurements and interpretation

196

Reversible (repulsion) and 
irreversible paths (attraction)
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Two oil droplets interacting

197

R. R. Dagastine et al., Dynamic Forces Between Two Deformable Oil Droplets in Water. Science. 313, 210–213 (2006).
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JKR apparatus

198



Furst–Department of Chemical and Biomolecular Engineering, University of Delaware

Adhesion between elastic particles 
JKR Theory 

JKR

Hertz

P0 = 0 ac =

[
3πa

2
WSL

2K

]1/3

Johnson, Kendall and Roberts, Proc. R. Soc. London, Ser. A 324, 301 (1971).

199

WSL = γS + γL − γSL

WSL = γL(1 + cos θ0) ≈ 93mJ/m
2

where1   θ0 = 73.7±0.3

  γL ≈ 72− 73mN m

  K ≈ 2.5GPa

Surface adhesion energy:

K =
2E

3(1 − ν2)
Elastic modulus:

1 Kwok et al. J. Colloid Interface Sci. 206, 44 (1998).
2 Jarvis and Scheiman, J. Phys. Chem. 72, 74 (1968).

2
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Instabilities

200

VL equilibrium

Constant volume
(e.g. low vapor pressure)

Continuous transitions



© 2022 Eric M. Furst—Chemical & Biomolecular Engineering, University of Delaware—furst@udel.edu

Interaction measurements

201

Lin, K.; Crocker, J. C.; Zeri, A. C.; Yodh, A. G. Phys. Rev. Lett. 2001, 87, 88301.

Biggs, S.; Dagastine, R. R.; Prieve, D. C. J. Phys. Chem. B 2002, 
106, 11557–11564.

TIRM, polyelectrolytesTIRM, surfactant micelles
Sober, D. L.; Walz, J. Y. Langmuir 1995, 11, 2352–2356.

Line tweezers, flexible rods

Helden, L.; Roth, R.; Koenderink, 
G. H.; Leiderer, P.; Bechinger, C. 
Phys. Rev. Lett. 2003, 90, 48301.

TIRM, rigid rods
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Optical micromanipulation

κt

Ftrap

optical trap

F12(h)

h

r

Δx
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Radiation forces

Photon momentum p = �k

|k| = 2π/λ

Radiation pressure acting on macroscopic surface

Radiation force exerted on micrometer diameter particle

q = 0.1

≈ 10−8N/m2

Prad ∼ 2qI0/c

I0 = 1000W/m2

kT/a ≈ 10−14N
2a = 1μm

10mW

Frad ≈ 10−11N

Frad ∼ 103kT/a

Particle diameter

Laser power

203



© 2022 Eric M. Furst—Chemical & Biomolecular Engineering, University of Delaware—furst@udel.edu

Radiation forces in a Gaussian beam

Δpa
pa,f

pa,i

pb,f

pb,i

ΔpbRay b

C
ol

lim
at

ed
 T

EM
00

A. Ashkin. Phys. Rev. Lett., 24:156–159, 1970.
A. Ashkin. Proc. Natl. Acad. Sci. USA, 94:4853–4860, 1997.

Fb

Fa

Resultant force 
imparted on particle

Ray a
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Focused Gaussian beam

w0

zR

w0 =
λ

2NA0

zR =
πnw2

0

λ

Diffraction limited 
beam width

Rayleigh length

θ

NA0 = n sin θ Numerical aperture

J. Mertz. Introduction to Optical Microscopy. 
Roberts, Greenwood Village, Colorado, 2010.

205



© 2022 Eric M. Furst—Chemical & Biomolecular Engineering, University of Delaware—furst@udel.edu

Radiant field

w0

zR

θ

J. Mertz. Introduction to Optical Microscopy. 
Roberts, Greenwood Village, Colorado, 2010.

E(ρ, z) = E0
w0

w(z)
ei2πκze−ρ2/w(z)2eiπκρ

2/R(z)e−iη(z)

w(z) = w0

√
1 + z2/z2R

R(z) = z
(
1 + z2R/z

2
)

η(z) = tan−1(z/zR)

κ = n/λ

Radiant field

I(ρ, z) = 〈E(ρ, z)E∗(ρ, z)〉Intensity (irradiance)

[=]W/m2
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Density plot of beam intensity

r (μm)

z
(μ
m
)
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Typical values

λvacuum = 1064nm

NA0 = 1.1

θ = 58◦

w0 = 0.48μm

zR = 0.92μm

2a = 3.0μm

Beam diverges with full angle

a > zR

Analyze in ray-optic regime

w0

zR

I(ρ, z) = 〈E(ρ, z)E∗(ρ, z)〉
208
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High NA objective

Gradient force trap

Ray optic regime
d � λ

A. Ashkin, et al. Opt. Lett., 11:288–290, 1986.

ab

a b

Fb

Fgradient

Fa

Δpa

pa,in

pa,out
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High NA objectiveHigh NA objective

Gradient force trap
Ray optic regime

d � λ

ab

Fscatter
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Lateral displacement
Ray optic regime

d � λ

211
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Rayleigh regime
d � λ

p = αEInduced dipole

w(z) = w0

√
1 + z2/z2R

Fgradient = 2πεε0�{α(ω)}a3∇〈E(ρ, z)E∗(ρ, z)〉

w0

zR

2a = 0.5μm

〈E(ρ, z)E∗(ρ, z)〉 = 2I(ρ, z)

cnsε0
=

(
2

cnsε0

)(
I0e

−2ρ2/w(z)2

1 + z2/z2R

)

U = −p ·EEnergy and force F = ∇(p ·E)

Fgradient =
4πε0a

3

c

[
n2
p − n2

s

ns(n2
p + 2n2

s)

]
∇I
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Important parameters for optical trapping

213

The ability to optically trap a particle depends on:

The particle size and shape

The refractive index contrast between the particle and medium

The amount of light absorbed by the particle and sample

The laser wavelength

The laser power

The quality of the beam and focus

The laser mode (Gaussian, Laguerre-Gaussian, etc.)
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κt
Ftrap Fdrag

Δx

U

Fdrag = 6πaηU = κtΔx

“Steady drag” measurements

Calibration, 3.2μm PS in water

U

Fdrag > Ft,max

κt = 10 − 60 pN/μm

214
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Optical tweezer calibration
1μm polystyrene, Nd:YAG (λ=1064nm)

Escape forceTrap stiffness

R. M. Simmons, J. T. Finer, S. Chu, and J. A. Spudich. Biophys. J., 70:1813–1822, 1996.

Particle size dependence

Rayleigh regime

Plateaus in ray-optic

κT ∼ a3

215
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• Use power spectral 
density (PSD) from 
photodiode detector

• Fit corner frequency to 
find trap stiffness, α

• Langevin equation

• PSD & corner frequency

Trap calibration–power spectral method

Adapted from K. Svoboda and S.M. Block, 1994.

Force calibration, 0.6μm silica particle

βẏ + αy = F (t)

Syy = kT
2πβ(f2

0 +f2)

f0 = α(2πβ)−1

216
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Optical tweezer experiment

Back focal plane 
detection
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Laser tweezer 
apparatus
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Measurement of particle position: 
Back focal plane detection

Gittes and Schmidt, Optics Lett. 23:7, 1998.
Peterman et al., Rev. Sci. Instrum. 74:3246, 2003.

218

Scattered light collected by condenser is 
imaged onto a quadrant photodiode

Spatial resolution ~ nm, 

Frequency response ~ 10kHz

Source can be trap laser or co-aligned 
laser

Fixed vs. moving reference frame

Can be extended to two independent 
beams by splitting polarization

Bandwidth improved using non-Si 
detectors
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Rupturing “bonds” between colloids

219

Stationary
trap

Moving
optical
trap

Swan, J. W., Shindel, M. & Furst, E. M. Phys. Rev. Lett. 109, 198302 (2012).
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A single bond rupture

Static 
trap

Moving 
trap

c/c* = 0 c/c* = 0.83

Measuring thermal rupture forces
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Repeated cycles

221

0 10 20 30 40 50 60 70 8
Time (s)

−0.4
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0.0

0.2
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0
2
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Multiple trajectories

222
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Two state trajectory model

P (rT ) =
〈retraction〉 − 〈approach〉

(−rT )− 〈approach〉

retraction =

{ −rT withP (rT )
〈approach〉 with 1− P (rT )

D
is

pl
ac

em
en

t 
fr

om
 t

ra
p 

[u
m

]

Separation between traps      [um]

〈retraction〉
〈approach〉

rT

Probability of being bonded

bonded

ruptured
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Swan, J. W., Shindel, 
M. & Furst, E. M. 

Phys. Rev. Lett. 109, 
198302 (2012).
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Thermal rupture force distribution

224

Pr
ob

ab
ili

ty
 o

f 
be

in
g 

bo
nd

ed
R

up
tu

re
 fo

rc
e 

di
st

ri
bu

tio
n 

[p
N

 -
1 ]

Imposed force [pN]

PS microspheres in SDS

Swan, J. W., Shindel, M. & Furst, E. M. Phys. Rev. Lett. 109, 198302 (2012).

increasing
attraction
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PMMA rupture distribution c/c* = 0.81
Hsiao, L. C.; Solomon, M. J.; Whitaker, K. A.; Furst, E. M., J. Rheology 2014, 58, 1485–1504.
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Thermal model of bond rupture

226

f = 0

f = f∗

f

f < f∗

H.A. Kramers. Physica, 7(4):284–304, 1940.
P. Hanggi, P. Talkner and M. Borkovec. Reviews of Modern Physics, 62(2):251–341, 1990.

Mean first-passage time

Whitaker, K. A. & Furst, E. M. J. Rheology 60, 517–529 (2016).
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Thermal model of bond rupture

227

f = 0

f = f∗

f < f∗

H.A. Kramers. Physica, 7(4):284–304, 1940.
P. Hanggi, P. Talkner and M. Borkovec. Reviews of Modern Physics, 62(2):251–341, 1990.

f

Bond lifetime

Rate of bond rupture

Cumulative bond probability distribution

Rate of loading

Whitaker, K. A. & Furst, E. M. J. Rheology 60, 517–529 (2016).
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DLVO+AO interaction potential

228

PHSA brush cutoff, 7nm

PHSA-PMMA 2a = 2.7 μm, Rg = 32 ± 2 nm,  Steric brush length 𝜹 = 7 nm 

Rg = 32 ± 2 nm
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Rupture force distribution calculated 
from theoretical AO potential

229

a 

f 

c 

e d 

b 

c/c* = 0.93
3.9 pN/s

c/c* = 0.80
3.2 pN/s

c/c* = 0.69
3.2 pN/s

c/c* = 0.58
2.7 pN/s

c/c* = 0.46
2.4 pN/s

c/c* = 0.35
2.1 pN/s

Calculated 
range for 
distribution

Measured 
force 
distribution

PHSA-PMMA 2a = 2.7 μm, Rg = 32 ± 2 nm,  Steric brush length 𝜹 = 7 nm 

Whitaker, K. A. & Furst, E. M. J. Rheology 60, 517–529 (2016).
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Rupture forces calculated from AO 
potential 

230

a 

f 

c 

e d 

b 

c/c* = 0.93
3.9 pN/s

c/c* = 0.80
3.5 pN/s

c/c* = 0.69
3.2 pN/s

c/c* = 0.58
2.7 pN/s

c/c* = 0.46
2.4 pN/s

c/c* = 0.35
2.1 pN/s

Calculated 
range for 
distribution

Measured 
force 
distribution

PHSA-PMMA 2a = 2.7 μm, Rg = 32 ± 2 nm,  Steric brush length 𝜹 = 7 nm 

Whitaker, K. A. & Furst, E. M. J. Rheology 60, 517–529 (2016).
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Directed assembly of aggregates

231

J. P. Pantina and E. M. Furst. Langmuir, 20:3940–3946, 2004.

10μm

Time shared and scanning 
optical traps

ν =
2kBT [erf−1(γ)]2

3πa3b2

Mio and Marr, Langmuir.  15, 8565 (1999) 
Faucheux et al., Phys. Rev. E.  51, 5239 (1995) 
Crocker et al, Phys. Rev. Lett.  82, 4152 (1999)

2X real-time

High bandwidth positioning using AOD
Assembly in salt solutions
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Linear elastic behavior of 
aggregates

232

1.47μm PMMA, 11 particles, 250mM MgCl2

Pantina and Furst, Phys. Rev. Lett. 94:138301, 2005.

y
−

y
0
(μ

m
)

x(μm)

yi(xi) = −

F

EI

(
Lx2

i

4
−

|x3
i
|

6

)

5 μm
x

y

3-point bending geometry

stationary traps

F = κT Δx

Comparison to beam equation

Note: aggregates > 100μm from 
interface
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Linear bending mechanics in MgCl2

233

-3

Scaling behavior

50mM

500mM

Rigidity

Aggregate rigidity displays surprising dependence on salt concentration

250mM

Pantina and Furst, Phys. Rev. Lett. 94:138301, 2005.

Open symbols: PS 
Closed symbols: PMMA
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Single bond bending rigidity

234

Salt conc. (mM)

κ 0
 (N

/m
)

NaCl

CaCl2
MgCl2

1.47μm PMMA
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Typical colloidal interactions

235

DLVO-van der Waals + double layer

Israelachvili, Intermolecular and Surface Forces
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Bond rigidity

236

I =
πa

4

c

4

κ(L) = κ0

(
a

L

)3

=
Fy

y(L)
=

3EI

L3

κ0 =

3EI

a3
κ0 =

3πEa4

c

a3

Fy

y(L)

Area moment of inertia

Bending rigidity in terms of contact radius
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JKR Theory 

237

JKR

HertzP0 = 0

WSL = γS + γL − γSL

ac =

[
3πa

2
WSL

2K

]1/3

WSL = γL(1 + cos θ0) ≈ 93mJ/m
2

where1   θ0 = 73.7±0.3

  γL ≈ 72− 73mN m

  K ≈ 2.5GPa

Surface adhesion energy:

K =
2E

3(1 − ν2)
Elastic modulus:

Johnson, Kendall and Roberts, Proc. R. Soc. London, Ser. A 324, 301 (1971).

1 Kwok et al. J. Colloid Interface Sci. 206, 44 (1998).
2 Jarvis and Scheiman, J. Phys. Chem. 72, 74 (1968).

2
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Calculated bending rigidity

238

Salt concentration (mM)

κ 0
 (N

/m
)

JKR calculation

  κ0,JKR = 82mN m

  ac = 40−80nm

4X higher due to Coulombic 
repulsion

NaCl

CaCl2 MgCl2
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Divalent ion adsorption to 
PMMA

239

ζ (mV)
κ 0

 (N
/m

)

Zeta-potential Bending rigidity
CaCl2

MgCl2
MgCl2

NaCl

Salt concentration (mM)

ζ (
m

V)

• Bond rigidity collapses with zeta potential 
• Maximum at point of zero charge 
• Calculate fractional coverage of divalent ion
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Ion-bridge model

240

- ----- --
+2 +2 +2

- ----- --

+2+2+2

Divalent ions “bridge” 
charged adsorption sites

Total adhesion energy

vdw ion
bridge

Coulomb

JKR

Hertz
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Ion bridge model

241

0.8

0.6

0.4

0.2

κ 0
 (N

/m
)

-40 -30 -20 -10 0
ζ (mV)

 CaCl2
 MgCl2
 NaCl

vdw ion
bridge

Coulomb
κ0 =

3πE

4a3

(
3πa

2
WSL

2K

)4/3

Pantina and Furst, Langmuir, 22:5282–5288, 2006.

Salt conc. (mM)

κ 0
 (N

/m
)

NaCl

CaCl2
MgCl2
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CaCl2
MgCl2

NaCl

Non-linear mechanics
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Yield stress due to critical 
moment

243

Ftens

σbend
y ∼ Mca

−3(φ/φe)
3/(3−df )

Mc ∼ a

4/3

σ
bend

y

∼ a
−5/3

Maximum bending moment

Γ ∼ ξ3σyCritical moment versus contact radius

ξ ∼ a(φ/φ
e
)
3/(df −3)

Predicted yield stress

Predicted particle size dependence

-39.5

-39.0

-38.5

-38.0

ln
 (M

c) 
(N

m
)

-17.2 -17.0 -16.8 -16.6 -16.4
ln (ac) (m)

2.0±0.2

 MgCl2
 CaCl2
 NaCl
 PS

Maximum tensile force

Ftens ∼ ξ

2
σy
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Comparison to bulk rheology
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y (
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0.250.200.150.100.05
φ(a/aref)5/3
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4

2

0

σ
y (

Pa
)

0.250.200.150.100.05
φ

R. Buscall et al., J. Non-Newt. 
Fluid Mech., 24:183–202, 1987.

Bulk yield stress, PS latices

σbend
y ∼ Mca

−3(φ/φe)
3/(3−df )

Expected from critical moment

σ
bend
y ∼ a

−5/3

0.5μm

1.0μm

2.6μm

If yield due to maximum tensile force,                                      !σy ∼ Ftensξ
−2 ≈ 1kPa

3.5μm


